We quantify the dynamics of a prolate leaky dielectric drop upon removal of a uniform DC electric field. Experiments consisting of a castor oil drop suspended in silicone oil are compared against axisymmetric boundary integral computations that account for transient charging, or charge relaxation, of the interface. A temporal asymmetry between the drop deformation and relaxation processes is observed in the experiments and computations: the drop relaxes back to its spherical equilibrium shape faster than the time taken to achieve its steady-state deformation. During the deformation process, the electrical (Maxwell) stress deforms the drop along the direction of the applied field; it is counteracted by the capillary stress. During the relaxation process, i.e. after the field is removed, the electrical stress now acts together with the capillary stress to quickly restore the drop back to equilibrium. This change in action of the electrical stress is responsible for the asymmetry between the drop deformation and relaxation. Notably, the electrical stress acts over the charge relaxation timescales of the fluids: thus, counterintuitively, longer charging timescales yield faster drop relaxation. That is, the longer it takes for the interface to discharge, the faster the drop shape relaxes. We also present computational results for a drop that does not relax back to its initial spherical shape upon removal of the electric field; rather, the drop breaks up via an end-pinching mechanism.
Introduction
A low-conductivity drop suspended in a low-conductivity medium will deform when placed under an electric field. The deformation is often parametrized by the scalar D = r1−r2 r1+r2 , where r 1 and r 2 represent the semi-axes along and normal to the electric field E ∞ , respectively (Fig. 1) .
The field-induced deformation may be directed along the applied field (a prolate deformation, D > 0) or normal to the applied field (an oblate deformation, D < 0). G. I. Taylor developed the leaky dielectric model to quantify these two steady-state configurations achieved under a uniform DC electric field. [1] [2] [3] This model accounts for the finite conductivity of both fluids, which results in tangential electrical stresses that are absent in systems of perfect dielectrics and conductors, for which only prolate deformations are observed. These tangential electrical stresses are balanced by tangential viscous stresses, thereby driving a steady recirculating flow inside the drop and throughout the medium. The development of these field-induced flows may in turn help drive the drop away from equilibrium to induce a deformation. Taylor derived an expression for the steady electrohydrodynamic (EHD) drop deformation valid in the limit of vanishingly small electric capillary numbers Ca i,o = ε i,o E 2 ∞ a/γ, which weigh the magnitude of the electrical stresses ε i,o E 2 ∞ relative to the capillary stress γ/a. Note that the subscripts i, o denote a quantity for both the drop (inner phase, i) and medium (outer phase, o); e.g.
Ca i,o = Ca i and Ca o . Here, ε denotes the permittivity, E ∞ is the magnitude of the uniform applied field, a represents the radius of an undeformed drop, and γ denotes the interfacial tension. In this regime, the field-induced deformation is linear in the capillary numbers. Taylor predicted the steady-state deformation as a function of the ratio of inner to outer permittivity S = ε i /ε o , resistivity R = χ i /χ o , and viscosity M = µ i /µ o , respectively.
The dynamics of such "leaky dielectric" materials under electric fields are of recent interest in areas of soft matter physics such as vesicle manipulation, 4-8 interfacial self-assembly of colloidal particles, 9-12 electrorheological response of polymer blends, [13] [14] [15] [16] and field-induced dynamics of pendant and sessile drops. [17] [18] [19] [20] To gain insight into the response of these relatively complicated systems to electric fields, it is essential to first quantify the timescales and occurring dynamics of simple systems, such as a single isolated drop placed under a uniform DC electric field.
The modeling of the transient field-induced deformation of isolated weakly conductive drops has received continued attention. [21] [22] [23] [24] [25] [26] For these low-conductivity systems, the charge relaxation timescales τ e(i,o) = ε i,o χ i,o , which characterize the time over which the interface acquires its steady-state surface charge density distribution q * , are often comparable to other system timescales and must be accounted for. Note that the superscript * is implemented to identify a dimensional variable; material properties contain no superscripts. The ratios of charge relaxation timescales τ e(i,o) to the flow timescale τ f = a/U are labeled as the electric Reynolds numbers Re i,o = τ e(i,o) /τ f . 2 Here, U represents a characteristic velocity scale. When the electric
Reynolds numbers are O(1), the induced EHD flow convects charge as it accumulates at the drop surface. This interfacial charge convection provides an intricate coupling between the electric field and fluid flow; it has been shown to strengthen prolate deformations and weaken oblate deformations. 27, 28 It has also been shown to drive "charge shocks" in the surface charge density profile of oblate drops, 26 where a rapid variation in the charge density occurs near the equator.
Large charge relaxation timescales τ e(i,o) relative to the capillary timescales τ c(i,o) = µ i,o a/γ delay interfacial charging, 3 which in turn extends the transient deformation process. 21, [24] [25] [26] Increasingly large values of τ e(i,o) /τ c(i,o) also cause prolate to oblate shape transitions for ultimate oblate configurations. 21, 25, 26 We labeled the ratios of τ e(i,o) to capillary timescales τ c(i,o) as Saville numbers 3 Sa i,o in our previous publication. Since charge relaxation affects the time-dependent deformation of a weakly conducting drop exposed to an electric field, we expect it to play a major role in the relaxation of a drop upon removal of the field. While the relaxation of a drop upon cessation of a flow field is well studied, 29-32 the relaxation of a drop upon cessation of an electric field has received scant attention.
Importantly, the presence of an additional (charging) timescale under an electric field suggests that the drop relaxation dynamics should be rich. Therefore, in the present article, we analyze the relaxation of a prolate leaky dielectric drop upon removal of a uniform DC electric field via theory, computation, and experiment. This work is therefore an extension of our previous publication; 26 here, we examine the effect of surface charge transport on drop relaxation upon removal of an applied electric field. In our experimental system, consisting of a castor oil drop suspended in silicone oil, we observe an asymmetry between the transient deformation and relaxation processes: the drop relaxes faster than the rate at which it achieves its steady deformation.
Our computations reveal that the asymmetry in the deformation-relaxation profile arises from an interfacial tangential electrical stress that acts together with the capillary stress to quickly restore the shape of the drop back to a sphere once the applied field is removed; this differs from the deformation process in which the electrical stress and capillary stress counteract one another. Furthermore, we present computational results for a different low-conductivity system for which a highly nonlinear (multi-lobed) steady-state deformation can lead to drop breakup when the electric field is withdrawn; i.e. the drop does not relax back to equilibrium.
In section 2, we present linear theory and numerical computation that predict the deformationrelaxation profile of a prolate leaky dielectric drop. The computation is compared against the theory for validation of the former. In section 3, we compare our computation against ex-perimental measurement for transient drop deformation and drop relaxation. In section 4, we quantify the relaxation and eventual breakup of highly nonlinear (multi-lobed) stable drop conformations. In section 5, we provide a conclusion of our work.
Modeling drop deformation and relaxation
A uniform DC electric field E ∞ is applied across a neutrally buoyant drop suspended in an immiscible medium. The mismatch in permittivity and resistivity between the two phases gives rise to interfacial shear electrical stresses that are balanced by shear viscous stresses; an EHD flow is thus induced throughout the drop and medium. In this work, we consider a drop with greater conductivity than the medium (R < 1). We further stipulate the timescale for charge relaxation in the medium τ e,o = ε o χ o is greater than that of the drop τ e,i = ε i χ i (SR < 1).
Thus, the rate of charging of the surface is limited by the medium. This yields EHD flows that are directed from the equator (θ = π/2) towards the poles (θ = 0, π) of the drop (equatorto-pole) 33, 34 ( Fig. 1) . Here, the field-induced dipole is along the imposed electric field and the field-induced deformation is prolate. The drop deformation is assumed to be independent of the azimuthal angle φ. This axisymmetry permits the use of a cylindrical coordinate system (σ,φ,z). Once a steady-state deformation is achieved, the electric field is removed, allowing the interface to discharge and the drop to relax back to its spherical equilibrium shape, or to undergo breakup.
We solve for both the electric field and fluid flow profiles at the surface of the drop once the uniform field E ∞ is applied at time t 
Linear theory
To calculate the transient drop deformation D(t * d ) when the electric field is applied, we make use of our previously-developed linear theory 25 that considers both the charge relaxation The irrotational electric fields are calculated from the gradient of the potentials. The inner electrostatic potential is bounded at the origin ζ = 0, and the outer field −∇ * φ * o approaches zero (note that E ∞ = 0 during relaxation) as ζ → ∞. Furthermore, the potential is continuous across the interface; i.e. φ *
The remaining boundary conditions applied at the drop surface ζ = a read
and
where E * n(i,o) = E * i,o · n represents the normal component of the electric fields evaluated at the interface, and t * r is the time elapsed since the field is removed. Here, the unit normal vector n is positive when pointing into the medium. The boundary condition (1) accounts for the jump in electric displacement, while (2) dictates the conservation of surface charge density q * . The right-hand side of equation (2) represents the accumulation of interfacial charge q * , 2, 3 which occurs over the electrical relaxation timescales τ e(i,o) .
Following our analytical approach in quantifying transient deformation, 25 we take the Laplace transform of equations (1) and (2) to eliminate q * and formulate a new boundary condition.
Unlike our previous approach, however, we require the steady-state value for the surface charge density q * t * r =0 just before the electric field is removed and the interface begins to discharge. Eliminating q * through use of (1) and (2) yields
where the Laplace transform of E *
After applying the aforementioned boundary conditions to the general solutions for the electrostatic potentials φ * i,o , the interfacial electrical stresses are readily computed through the Maxwell stress tensor
i,o I , where I represents the identity tensor. After inversion towards the time domain, the radial and angular jump (from outside to inside) in electrical stress across the surface of the drop is given by
where
2R+1 cos θ denotes steady-state surface charge density distribution of a slightly-deformed drop. 25 When the electric field is removed, the interface begins to discharge; the radial and angular jump in electrical stress decays towards zero.
We compute the fluid flow and drop relaxation that result from the electrical stresses (4) and (5). Our focus is on dominant viscous forces (i.e. Reynolds numbers
. This requires solution to the Stokes equations 
the hydrodynamic stress tensor, and ∇ * s denotes the surface gradient operator. For a detailed explanation of the application of these conditions, see Esmaeeli and Sharifi 22 and Lanauze et al. 25 Note that unlike Esmaeeli and Sharifi, we account for transient interfacial charging through equation (2). However, the remaining interfacial boundary conditions required to solve for the velocity and pressure fields throughout the drop and medium are the exact same as those considered by Esmaeeli and Sharifi 22 and Lanauze et al. 25 We implement these boundary (for the field) and viscous stress µ o U/a (for the velocity) against the scaling for the capillary stress γ/a. This is preferred to any scaling with E ∞ since the applied field is set to zero to allow the drop to relax once it has achieved its steady-state conformation. The scaling for the interfacial charge q * follows by substituting the scaling for the electric field into ε o E c . We omit the remainder of the applied steps and present our analytical expression for the drop relaxation, which reads
where D T denotes the steady field-induced linear deformation predicted by Taylor.
1 Note that q tr=0 is divided by cos θ to eliminate any angular dependence in this expression. An expansion around t r = 0 yields
Equation (9) indicates that once a stable linear deformation D T is achieved, the rate at which the drop relaxes increases with both the magnitude of D T and the value of the Saville number
Sa o . As shown in the following sections, our experiments and computations also display this trend.
Boundary integral formulation
The boundary integral method is implemented to solve for the electric field and fluid flow at the surface of the drop, as well as the resulting time-dependent drop deformation D(t). The integral formulation and numerical solution of the differential governing equations for the field and flow are discussed in detail by Lanauze et al. 26 Unlike that work, however, charge convection is unaccounted for in the charge conservation equation (2), despite the electric Reynolds
. This is due to the negligible role of charge convection in determining the steady prolate configurations that characterize our experimental system. As we shall see, our computations predict the steady deformations achieved in our experiments within the error in measurement. Hence, this assumption is verified a posteriori when comparing computational results against experimental measurements in the following sections. Furthermore, the previously-described nondimensionalization procedure is applied to the subsequent equations.
When the drop achieves a steady-state deformation, its shape ξ * and surface charge density q * profiles are extracted. With these numerical values for the steady drop shape and interfacial charge, the capillary numbers Ca i,o are set to zero due to the removal of the uniform applied field E ∞ = 0. The boundary integral computations are then conducted in absence of the imposed field to model drop relaxation. Note that all equations henceforth have been rendered dimensionless, as indicated by the lack of the superscript * .
We begin with the dimensionless integral formulation of Laplace's equation for the electric potential, namely 26, 33, 36, 37
where the closed integral is evaluated over the interface. Note that (10) satisfies all the boundary conditions for the electric field described in section 2.1 except for equation (2) , which remains to be applied. Here, n z = n · z, r = y − x is the distance between an observation point y and a source point x, and r = √ r · r. The instantaneous surface charge density q is required to solve equation (10) for the normal field E n,o . When the field is initially applied, the surface of the drop contains no charge (i.e. q = 0 at time t d = 0). When the field is removed, the steady-state value for the interfacial charge distribution is implemented as the initial condition.
The value for q at future times is obtained through numerical time integration of equation (2).
The instantaneous shape of the drop is required to calculate the surface integrals in equation (10) and all equations that follow.
The inner normal electric field E n,i may be calculated through application of (1). The tangential field E t,o = E t,i = E i,o · t is acquired via an integral equation that governs the electrostatic potential φ o , 40 which is given by
The tangential field is E t,o = − ∂φo ∂s , where s represents the continuous drop arc-length measured from the positive z-axis. The jump in electrical stress (from outside to inside) across the drop surface is
Note that equation (12) differs from (4) and (5) since those equations are only valid in the linear regime. Equation (12) holds regardless of the value of the electric capillary numbers Ca i,o .
The field-induced interfacial fluid flow is computed through an integral formulation of the
where J and K denote the free-space Green's functions for velocity and stress, 41 ∆f = 2 κ m n − [τ e · n] represents the jump in hydrodynamic traction across the interface, and κ m is the mean curvature. The position of the interface is updated via time integration of the kinematic condition
where u n,o = (u o · n) n, t = t d during the deformation process, and t = t r during the relaxation process. Once the drop shape ξ and surface charge density distribution q have been updated, equations (10) through (14) are solved recursively until the drop achieves a steady-state conformation or breaks up. The numerical solution procedure of these equations is discussed in our previous publication. 
Validation of numerical computation
To validate our boundary integral computations, we compare the predicted numerical deformationrelaxation profile with the small-Ca theory given in our previous publication 25 that describes the transient drop deformation, and equation (8) describing the drop relaxation. The physical system of interest is a drop of castor oil suspended in silicone oil; it is characterized by the material properties listed in Table 1 . The pertinent dimensionless groups extracted from these properties are displayed in Table 2 . Here, the drop is less viscous and more conductive than the medium (i.e. M < 1 and R < 1). First, we focus on an electric field strength of E ∞ = 0.5 kV/cm, which yields small capillary numbers Ca i = 1.3 × 10 −2 and Ca o = 7.1 × 10 −3 , respectively.
The resulting curves for the transient drop deformation and drop relaxation are presented in Fig. 2(a) . Note that all curves begin from time t * = 0 although the drop relaxation occurs after a steady deformation has been achieved; this visualization approach is implemented to em-phasize any asymmetry between the deformation and relaxation processes. The horizontal axis time t * is equal to the deformation time t * d for the drop deformation process, and equal to the relaxation time t * r for the drop relaxation process. Here, the linear theory for the deformation and relaxation agrees well with our computational predictions. This verifies the numerical predictions since our theory provides accurate results for small capillary numbers Ca i,o . Increasing the electric field to E ∞ = 2.8 kV/cm yields the capillary numbers Ca i = 0.4 and Ca o = 0.2, respectively. The deformation-relaxation profile in this case is illustrated in Fig. 2(b) . As the capillary numbers are increased from those in Fig. 2(a) , deviation between the linear theory and computational predictions becomes pronounced. Here, the higher applied field results in deformations that are nonlinear in the capillary numbers Ca i,o , which the theory is unable to capture. Table 2 : Electric-field-independent dimensionless groups that describe a castor oil drop suspended in silicone oil.
3 Comparison of numerical computation against experimental measurement
Experimental setup
The present experimental setup is similar to that in our previous publication. Table 1 , while the relevant dimensionless groups are given in Table 2 . The open circles (deformation) and open squares (relaxation) represent boundary integral computations, while solid (deformation 25 ) and dashed lines (relaxation, equation (8)) denote linear theory calculations. Fig. 2 To compare our experimental measurements against computational predictions, the relaxation process is assumed to begin once the deformation deviates from the error corresponding to the steady drop conformation; the preceding measurement is thus considered the initial point in the relaxation profile. Both the experimental and computational curves for the transient deformation and drop relaxation will be shown from t * = 0 to highlight any asymmetry between the two processes.
Drop deformation and relaxation at electric field strengths of

kV/cm and 2.3 kV/cm
We quantify the deformation-relaxation profile of the castor oil-silicone oil system characterized by the properties given in Table 1 and Table 2 . The applied field E ∞ = 1.8 kV/cm yields the capillary numbers Ca i = 0.2 and Ca o = 0.1, respectively. The results for this system are displayed in Fig. 3 . Our computations predict the measured drop deformation and relaxation within the experimental error, with some slight deviation between the computation and experiment during 1 s t * 3 s for both the deformation and relaxation processes. Furthermore, our computation slightly overestimates the measured steady-state deformation. We believe the deviation occurs due to the dielectrophoretic migration of the castor oil drop, which originates from nonuniformities in the applied field arising from slight tilts in the electrodes.
To verify the neglect of interfacial charge convection in equation (2), we compare the computational results illustrated in Fig. 3 against computations that account for charge convection.
The results from these computations are depicted in Fig. 4 . Although the electric Reynolds number for the drop Re i = 1.6 and medium Re o = 2.1, the curves resulting from computations conducted at these Reynolds numbers exhibit minimal deviation from those conducted at
Re i,o = 0. From this figure, it is apparent that at this applied field strength, surface charge convection does not play an appreciable role in the transient deformation and drop relaxation processes. This differs from the system we examined in our previous publication 26 (a drop of silicone oil suspended in castor oil) in which higher field strengths were required to achieve modest oblate deformations, thereby yielding larger electric Reynolds numbers (note that Re i,o ∼ E 2 ∞ ). Furthermore, we expect charge convection to play a less substantial role for prolate drops since these systems do not require steady EHD flows to drive the drop away from equilibrium. This differs from oblate drops, in which electric field-induced flows are essential to achieve a deformation. To simplify our analysis in the subsequent sections, the remaining systems are modeled under the absence of surface charge convection.
From Fig. 3 , it is apparent that the drop quickly relaxes towards its spherical equilibrium shape in comparison to the rate at which it reaches its steady prolate conformation. To quantify this asymmetry between the transient deformation and relaxation processes, we define the ratio The material properties of this system are listed in Table 1 , while the relevant dimensionless groups are given in Table 2 . The imposed electric field strength is E ∞ = 1.8 kV/cm, which yields the capillary numbers Ca i = 0. Table 1 , while the relevant dimensionless groups are given in Table 2 . The imposed electric field strength is E ∞ = 1.8 kV/cm, which yields the capillary numbers Ca i = 0.2 and Ca o = 0.1, respectively. The solid (deformation) and dashed (relaxation) lines denote boundary integral computations conducted in the absence of surface charge convection, while dash-dotted (deformation) and dotted (relaxation) lines correspond to boundary integral computations that account for surface charge convection. The material properties of this system are listed in Table 1 , while the relevant dimensionless groups are given in Table 2 . The imposed electric field strength is E ∞ = 2.3 kV/cm, which yields the capillary numbers Ca i = 0.3 and Ca o = 0.2, respectively. The legend is the same as that in Fig. 3 . Since the driving force for the deformation of a low-conductivity drop is the interfacial electrical stress jump [τ * e · n], we expect it to play a major role in the relaxation process of the deformed drop. We thus turn to the dimensionless normal stress balance at the surface of the drop, given by [τ e · n] n + [τ h · n] n = ∇ s · n. When the field E ∞ is applied, both the normal electrical stress [τ e · n] n and the normal viscous stress [τ h · n] n act to deform the drop, while the capillary stress ∇ s · n acts to resist any deviation away from the minimum energy configuration provided by the initial spherical shape. The tangential stress balance [τ e · n] t + [τ h · n] t = 0 indicates that that the tangential viscous stress [τ h · n] t counteracts the tangential electrical stress [τ e · n] t that induces the EHD flow directed from equator-to-pole (depicted by the tangential velocity profile u t at θ ≈ π/4 in Fig. 6(a) ). In short, the normal and tangential components of the electrical stress [τ e · n] drive the drop away from equilibrium and cause it deform in the direction of the applied field. The main change that occurs when the applied field is removed is a reversal in direction of the interfacial tangential electric field E t , as shown in Fig. 7 . Fig. 7(a) depicts the field lines around the castor oil drop when the steady-state deformation in Fig. 5 is achieved. Note that although the steady deformation displayed in Fig. 5 is nonlinear, the field lines are computed from Taylor's analysis 1 to simply illustrate their direction. The field lines in Figure 6 : Time-dependent dimensionless tangential velocity u t at the surface of a castor oil drop suspended in silicone oil (θ ≈ π/4). The imposed electric field strength is E ∞ = 2.3 kV/cm, which yields the capillary numbers Ca i = 0.3 and Ca o = 0.2, respectively. In Fig. 6(a) the field E ∞ is applied, which yields a development of interfacial velocity directed from equator-to-pole (denoted by the negative sign in u t ) that helps drive the drop deformation depicted by the solid curve in Fig. 5 . In Fig. 6 (b) the field is removed, which yields a decay in the interfacial velocity directed from pole-to-equator (denoted by the positive sign in u t ) that helps drive the drop relaxation depicted by the dashed curve in Fig. 5 . Fig. 7(b) shows that when the electric field is removed, the tangential component of the field at the drop surface E t increases in magnitude relative to Fig. 7(a) and reverses direction. This change is most pronounced near the equator of the drop. Since the interfacial tangential electrical stress [τ e · n] t = qE t , 33 the change in E t yields a reversal in the direction of this electrical stress, which is now directed from pole-to-equator. The field-induced tangential flow u t during the discharging process now favors drop relaxation (Fig. 6(b) ). Furthermore, the magnitude of the interfacial flow is large yet short-lived in comparison to the flow achieved at steady-steady when the drop surface is fully charged. This occurs due to the fact that the tangential electrical stress
[τ e · n] t and the capillary stress ∇ s · n both favor drop relaxation, which was not the case then the uniform field was applied. This in turn causes the asymmetry in the deformation-relaxation profile quantified in Fig. 3 and Fig. 5 , respectively. Note that if the charging and discharging processes occurred instantaneously, the capillary timescales τ c(i,o) would dictate the transient drop deformation and drop relaxation, thus yielding a symmetric deformation-relaxation profile. This becomes apparent when applying the limit τ e,o → 0 to the normal and tangential components of the electrical stress in equations (4) and (5). Here, the electrical stresses become zero upon removal of the applied field E ∞ , which in turn yields no assistance to the capillary stress in the drop relaxation process. Decreasing the charging timescales τ e(i,o) by two orders of magnitude through decreasing the resistivity χ of each phase for the same system presented Fig. 5 yields the computational deformation-relaxation profile illustrated in Fig. 8 . Here, the dimensionless ratio τ on/of f is decreased from τ on/of f = 3.5 ( The material properties of this system are listed in Table 1 , with the resistivity χ of each phase decreased by two orders of magnitude. This in turn decreases the Saville numbers
by two orders of magnitude, while leaving the remaining dimensionless groups in Table 2 unchanged. The imposed electric field strength is E ∞ = 2.3 kV/cm, which yields the capillary numbers Ca i = 0.3 and Ca o = 0.2, respectively. The drop deformation (solid) and relaxation (dashed) curves result from our boundary integral computations.
the resistivities of the fluids) is solely responsible for the decrease in asymmetry between the drop deformation and relaxation processes. As previously stated, removing the electric field yields a reversal in the interfacial tangential electrical stress. To observe an asymmetry in the drop deformation-relaxation profile, the charging timescales τ e(i,o) should be O(1) relative to the capillary timescales τ c(i,o) . This allows the tangential electrical stress to act over a longer period of time to assist in the drop relaxation process towards equilibrium.
As an alternative view on the asymmetry between the deformation and relaxation, we examine the transient storage of energy within the drop when the field E ∞ is applied, as well as the release of stored energy when the field is removed. Due to the finite resistivity χ of each fluid, a certain amount of charge 1 2 A q * dA accumulates at each half of the drop surface. Here, the surface integral is carried out over the right half of the drop. The drop is thus able to store charge at its interface, similar to a capacitor. The energy stored in a capacitor is given
, where E ∞ a is the applied voltage. Furthermore, deforming the drop also results in storage of capillary energy, given by γ A dA. Note that the interfacial tension γ is assumed to remain constant throughout the drop deformation and relaxation. After applying the previously-described scaling for the electric field and surface charge, and normalizing energy by γ a 2 , the expressions for capacitive and capillary energy yield 1 2 1 2 A q dA and dA, respectively. The storage and release of capacitive and capillary energy for the conditions in Fig. 5 is shown in Fig. 9 . Interestingly, Fig. 9(a) indicates that the surface of the drop charges and discharges in a symmetric fashion, on the order of the larger charging timescale τ e,o = 12.3 s.
However, Fig. 9(b) displays an asymmetry between the storage and release of capillary energy.
This asymmetry is directly correlated to the asymmetry in the drop deformation-relaxation profiles depicted in Fig. 3 and Fig. 5 . That is, a drop with an asymmetric deformation-relaxation profile is expected to store and release capillary energy in an asymmetric fashion. Surprisingly, however, the storage and release of capacitive energy is symmetric. Figure 9 : Time-dependent energy storage and release by a castor oil drop suspended in silicone oil. The imposed electric field strength is E ∞ = 2.3 kV/cm, which yields the capillary numbers Ca i = 0.3 and Ca o = 0.2, respectively. This storage and release of energy corresponds to the deformation-relaxation profile illustrated in Fig. 5 . Fig. 9 (a) depicts the storage and release of capacitive energy, given in dimensionless form as Fig. 9(b) illustrates the storage and release of capillary energy, given in dimensionless form as A dA. Here, we subtract the dimensionless capillary energy of a spherical drop 4π from the energy profile to depict the deviation from this minimum energy configuration. DC electric field. The steady-state drop deformation for this system was thoroughly quantified as a function of outer electric capillary number Ca o by Lac and Homsy. 33 In their analysis, a range of capillary numbers 0.345 < Ca o < 0.365 yielded access to two steady drop configurations: spheroidal and two-lobed. Above this electric capillary number (0.365 ≤ Ca o ≤ 0.5), a family of two through five-lobed drop shapes become attainable. These highly nonlinear shapes do not undergo breakup; rather, the drops achieve steady-state deformations due to multiple internal recirculating flows. of the drop discharges quickly in comparison with the rate at which it relaxes due to capillary stress. Hence, the transient interfacial charging and discharging is assumed to play a minimal role in the drop relaxation process, and we interpret the relaxation of the deformed surface as being capillary-driven.
29-32
After the field is removed, the stable spheroidal configuration attained in Fig. 10 relaxes to a spherical equilibrium shape. The transient deformation profiles for Ca o = 0.38 and Ca o = 0.4 displayed in Fig. 11(a) and Fig. 12 (a) display highly nonmonotonic behavior. We believe that this occurs because these values for the capillary number are near Ca o = 0.365, for which bifurcation into two stable drop configurations is observed. 33 The two and three-lobe shapes illustrated in Fig. 11(b) and Fig. 12(b) undergo breakup once the field is removed. The dashed curve in Fig. 11(b) shows an increase in the time-dependent deformation parameter D(t) when the field is removed after a stable two-lobed shape is achieved at Ca o = 0.38. This increase is due to the occurrence of a local minimum in the drop radius between the two lobes at steady- Figure 10: Capillary-driven relaxation of a prolate low-conductivity drop corresponding to a system characterized by the dimensionless groups (S, M, R) = (1.37, 1, 0.1). 33 Here, we compute the transient deformation (solid curve) under the imposed uniform field, and allow the drop to undergo relaxation (dashed curve) once the electric field is removed. This figure illustrates the deformation-relaxation profile of a spheroidal configuration achieved at Ca o = 0.3, which is able to recover its initial spherical equilibrium shape upon removal of the applied field.
state, which in this case corresponds to the minor semi-axis. A large capillary pressure results from this minimum, which drives flow towards the two lobes and further elongates the drop shape, eventually leading to breakup 29 (shown at the end of the dashed curve in Fig. 11(b) ).
The dashed curve in Fig. 12(b) illustrates a continuous decrease in the time-dependent deformation parameter D(t) when the field is removed after a stable three-lobed shape is achieved at Ca o = 0.40. Here, the lobes at the end of the drop drive flow towards the middle lobe, thus causing the drop to retract as the local minimum in drop radius between each lobe pair decreases. Hence, the minor semi-axis increases due to this influx and the deformation decreases before resulting in drop breakup (shown at the end of the dashed curve in Fig. 12(b) ).
For the steady two-lobed shape achieved at Ca o = 0.38, we examine two orders of magnitude of the Saville number Sa o to probe its influence on the relaxation and eventual breakup of this highly nonlinear drop conformation. Fig. 13 shows that increasing the Saville number Figure 11 : Capillary-driven relaxation of a prolate low-conductivity drop corresponding to a system characterized by the dimensionless groups (S, M, R) = (1.37, 1, 0.1). 33 Here, we compute the transient deformation (solid curve) under the imposed uniform field, and allow the drop to undergo relaxation (dashed curve) once the electric field is removed. Fig. 11(a) illustrates the deformation-relaxation profile of a stable two-lobed shape achieved at Ca o = 0.38, which attains breakup via end-pinching upon removal of the applied field. Fig. 11(b) depicts the drop breakup process in greater detail. The insets correspond to the initial and final drop shape for the relaxation, respectively.
Sa o = 5 in these two figures indicates that the drop surface has not fully discharged by the time the drop breaks up. Thus, the timescale for breakup does not seem to be enslaved to the charging timescale. We find this to be surprising since varying the Saville numbers Sa i,o plays a crucial role in determining the temporal asymmetry in transient drop deformation and drop relaxation to equilibrium.
In essence, the breakup of the two drops in Fig. 11(b) and Fig. 12(b) results from induced flows at the local minima in radius that separate the drop lobes, which in turn causes the continuous thinning of this radius until pinch-off of the lobes is achieved. This breakup mechanism resulting from capillary-driven drop relaxation, known as "end-pinching," [29] [30] [31] [32] was originally developed to explain the relaxation of drops deformed by uniaxial extensional flows. In those cases, the drops reached steady shapes characterized by long cylindrical midsections with bulbous ends under the imposed flows, and attained breakup once the flow fields were removed. Although we have carried out our computations for drop breakup in the Stokes flow regime Re Flow(i,o) → 0, inertia has been determined to be relevant during pinch-off of viscous threads resulting from drops undergoing capillary relaxation. 43, 44 Here, the local velocity scale at the thinning thread Figure 12 : Capillary-driven relaxation of a prolate low-conductivity drop corresponding to a system characterized by the dimensionless groups (S, M, R) = (1.37, 1, 0.1). 33 Here, we compute the transient deformation (solid curve) under the imposed uniform field, and allow the drop to undergo relaxation (dashed curve) once the electric field is removed. Fig. 12(a) illustrates the deformation-relaxation profile of a stable three-lobed shape achieved at Ca o = 0.4, which attains breakup via end-pinching upon removal of the applied field. Fig. 12(b) depicts the drop breakup process in greater detail. The insets correspond to the initial and final drop shape for the relaxation, respectively.
, where τ b is the time remaining until breakup and the constant parameter β ≤ 0.175.
As τ b → 0, the local velocity U l diverges. Hence, the neglect of inertia becomes invalid as the local minimum in drop radius approaches zero. A detailed study that accounts for electrical, viscous, inertial, and capillary forces during drop breakup, however, is outside of the scope of the present article.
Conclusions
We have examined the deformation-relaxation profile of a prolate low-conductivity drop with permittivity ε i , resistivity χ i , and viscosity µ i suspended in a medium with permittivity q dA, by a prolate low-conductivity drop corresponding to a system characterized by the dimensionless groups (S, M, R) = (1.37, 1, 0.1). 33 The steady-state two-lobed shape is achieved under a capillary number Ca o = 0.38. This steady drop configuration is allowed to relax under Saville numbers Sa o = 0.05 (solid curve) and Sa o = 5 (dashed curve), respectively. The initial and final shapes for this relaxation process are illustrated in Fig. 11(b) . Breakup of a prolate low-conductivity drop corresponding to a system characterized by the dimensionless groups (S, M, R) = (1.37, 1, 0.1). 33 The steady-state two-lobed shape is achieved under a capillary number Ca o = 0.38. This steady drop configuration is allowed to relax under Saville numbers Sa o = 0.05 (solid curve) and Sa o = 5 (dashed curve), respectively. The initial and final shapes for this relaxation process are illustrated in Fig. 11(b) . suspended in a silicone oil medium under two distinct electric field strengths. Our numerical predictions for the transient deformation and drop relaxation qualitatively captured the experimental measurements within the error in measurement of the time-dependent deformation parameter D(t).
Both our experiments and numerical computations displayed an asymmetry between the drop deformation and relaxation processes, in which the drop relaxed back to its initial spherical shape quickly in comparison to the rate at which it achieved its steady-state deformation.
This asymmetry occurred due to the instantaneous reversal of the interfacial tangential electrical stress when the applied field was removed. This in turn reversed the direction of the induced interfacial tangential flow, which was originally directed from the equator towards the poles of the drop and acted to drive the drop away from equilibrium. The tangential electrical stress and capillary stress thus acted in unison to quickly restore the shape of the deformed drop back to equilibrium when the field was removed. For an asymmetry in the drop deformation-relaxation profile to arise, the charging timescales τ e(i,o) need to be comparable to the capillary timescales τ c(i,o) so that these electrical stresses remain long-lived to assist the drop retraction process: slow interfacial charging and discharging yields fast drop relaxation. This asymmetry is further accentuated with increasing capillary numbers Ca i,o . Our quantification of the transient storage and release of capacitive and capillary energy showed that although the drop stored and released capillary energy in an asymmetric fashion, the storage and release of capacitive energy occurred symmetrically.
Finally, we showed that a drop that achieves a stable field-induced deformation need not relax back to its initial spherical equilibrium shape when the electric field is removed. For the case of two and three-lobed steady shapes, 33 the drop achieved breakup via the end-pinching mechanism. [29] [30] [31] [32] We believe that end-pinching of the multi-lobed stable drop shapes predicted by our computations would be difficult to achieve experimentally, since large drop aspect ratios yield a high sensitivity to nonuniformities in the applied field. Based on experimental observations, highly deformed drops often migrate under electric fields that are presumed to be uniform, and achieve asymmetric breakup. Instead of achieving a multi-lobed steady drop conformation, we believe that a convenient alternative to observe end-pinching would involve driving drops out of equilibrium at or above their critical capillary number. After the drop has achieved a time-dependent highly nonlinear shape, one would remove the applied field. Such has been the approach taken by researchers who have examined the relaxation of exceedingly deformed drops upon removal of planar extensional flows.
29, 45
We believe that quantifying the deformation-relaxation profiles of weakly conducting drops is useful to understand increasingly complex systems such as multiple drops exposed to electric fields. Finally, surface charge convection was neglected throughout the majority of this work due to its minimal role in determining the transient deformation and drop relaxation measured in our experiments. However, we hypothesize that its effect on drop deformation and relaxation of field-induced multi-lobed configurations will be significantly more pronounced. Examining the effect of charge convection on the evolution of highly nonlinear prolate drop shapes is currently under investigation.
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